Filled skutterudites R x Co 4 Sb 12 are excellent n-type thermoelectric materials owing to their high electronic mobility and high e ective mass, combined with low thermal conductivity associated with the addition of filler atoms into the void site. The favourable electronic band structure in n-type CoSb 3 is typically attributed to threefold degeneracy at the conduction band minimum accompanied by linear band behaviour at higher carrier concentrations, which is thought to be related to the increase in e ective mass as the doping level increases. Using combined experimental and computational studies, we show instead that a secondary conduction band with 12 conducting carrier pockets (which converges with the primary band at high temperatures) is responsible for the extraordinary thermoelectric performance of n-type CoSb 3 skutterudites. A theoretical explanation is also provided as to why the linear (or Kane-type) band feature is not beneficial for thermoelectrics.
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W ith the world's increasing demand for energy, there is an imminent need for sustainable power-generation solutions including solar, wind, or geothermal. Thermoelectric materials can help increase the energy efficiency of fuels by converting waste heat, such as that of automobile exhausts, directly into electricity using no moving parts. The maximum efficiency of thermoelectric materials is characterized by the dimensionless figure of merit, zT = S 2 σ T /κ, where S is the Seebeck coefficient, σ is the electrical conductivity, T is the absolute temperature, and κ is the total thermal conductivity.
Among the best thermoelectric materials are n-type filled skutterudites based on CoSb 3 . The addition of filler atoms, for example Yb, into a void site (Yb x Co 4 Sb 12 ) can lead to high zT by reducing the thermal conductivity while simultaneously doping the material (adding electrons as charge carriers) 1, 2 . High zT values (greater than 1) have been reported for both single-element filling (Na (ref. High zT in skutterudites is most often attributed to the addition of the filler atoms and subsequent reduction in thermal conductivity due to alloying disorder and the complex phonon modes of the filler atom [10] [11] [12] . Although low thermal conductivity is essential to high zT , the importance of the intrinsic electronic structure in skutterudites is often understated or ignored completely. It has become increasingly apparent that complex band structures-including multi-valley Fermi surfaces 13, 14 21 ), but it also makes the thermopower (magnitude of the Seebeck coefficient) decrease more quickly as the material is doped. The conduction bands in n-type CoSb 3 skutterudites are also very light, with one of the three bands mirroring the linear valence band. The n-type thermopower, however, remains high at high doping, where the linear band concept has been used to explain the apparent increase in effective mass 1, [22] [23] [24] [25] . This high thermopower at high doping is essential to achieve the high zT in all n-type skutterudites. Here we show that this essential feature of the electronic structure cannot be due to the linear band, but instead is due to a new band (or bands) with high valley degeneracy of N v = 12 or more. (Yb content) from that of unfilled CoSb 3 . Experimentally, similar electronic properties are obtained whether CoSb 3 is doped through filling or by substitution on the Co or Sb sites 1, 22, 24, 25 (with optimum thermoelectric performance of the order of 10 20 cm −3 or 0.5 electrons per unit cell) 9, 27 , in accordance with the rigid band model. Filled Yb x Co 4 Sb 12 is shown theoretically to be essentially rigid band up to x = 0.25 (0.5 electrons per unit cell 27 ). In other thermoelectric materials, such as PbTe, rigid band models have been used successfully and have been confirmed theoretically 28 . Multiple band effects that are responsible for the exceptionally high zT in n-type CoSb 3 are observable through several methods, both experimental and theoretical, as presented in Fig. 1 . A clear demonstration of complex band behaviour is seen in the dopingdependent Seebeck coefficient (Pisarenko plot at 300 K) shown in Fig. 1a . In the degenerate limit the relationship between S, m * S and n can be described by:
where e is the electron charge, k B is the Boltzmann constant,h is the reduced Planck constant, r is the scattering parameter (r = 0 for acoustic phonon scattering, which is fairly common above 300 K and is most appropriate for CoSb 3 ), and m * S is the density of states (DOS) effective mass obtained from Seebeck measurements using the single parabolic band (SPB) model (which will be referred to as the Seebeck mass herein). At low carrier concentrations (n H less than ∼1 × 10 19 cm −3 ), CoSb 3 shows light mass behaviour (m * S ∼ 0.7 m e ); as the carrier concentration increases, the system transitions to a much heavier mass, requiring m * S = 4.8 m e in the heavily doped regime (n H larger than 3 × 10 20 cm −3 ). By considering two conduction bands [29] [30] [31] plus one valence band in a three-band transport model (with a conduction band offset E of ∼0.08 eV), we capture the behaviour of both the lightly and the heavily doped regions (black line in Fig. 1a ). The calculated electronic band structure is consistent with an increasing m * S , that becomes gradually heavier with doping, if we consider not only the primary conduction bands ( point), but also the bands higher in energy (labelled CB 2 in Fig. 1b ) for heavily doped CoSb 3 . The ab initio density functional theory (DFT) calculated band structure (Fig. 1b) shows a direct bandgap at the point (E g, -= 0.23 eV), which yields a triply degenerate (N v = 3) conduction band edge. However, as a result of heavy doping and relatively light bands at the conduction band minimum, the Fermi level quickly moves up the conduction band, allowing a large population of electrons to form in the secondary conduction band (CB 2 ). Calculations show that this CB 2 minimum exists about 0.11 eV above the conduction band minimum along -N, and that the Fermi level (E F ) should be well within CB 2 with 0.5 electrons/unit cell 27, 33 (E F reaches the CB 2 minimum with n H ≈ 2 × 10 20 cm −3 at T = 300 K). The iso-energy Fermi surface for an energy level just at CB 2 ( Fig. 1c) has a high degeneracy with 12 isolated pockets 33 . Only PbTe, which reaches a zT of ∼2 (ref. 13 ), has such a high value of N v ; it has been shown that this high N v plays a crucial role in the high Seebeck values and zT . In CoSb 3 , at higher energies these 12 pockets join at corners along -F (N v = 24, 0.013 eV above CB 2 ; ref. 33 ) and then to the Fermi surface In addition to thermoelectric transport and DFT calculations, multi-band features in CoSb 3 can be directly observed by infrared (IR) optical absorption. Optical absorption edge spectra for a nearly intrinsic sample of CoSb 3 (n H = 1.7 × 10 17 cm −3 ) show two distinct features (Fig. 1d) . The lower-energy (∼0.2 eV optically, 0.23 eV from DFT) transition can be associated with the direct, -transition, and the second transition (∼0.3 eV optically, 0.34 eV from DFT) indicates the onset of a -CB 2 transition. Although direct transitions have been shown to exhibit more than ten times the strength of absorption of the indirect transitions 34 , the transition rate is also proportional to the DOS. Because both VB and CB have very low DOS in comparison to CB 2 , the -transition, despite the fact that it is a direct transition, may occur with a lower intensity than the -CB 2 transition. We roughly estimate the strength of all transitions by calculating the joint density of states (JDOS) from the DFT band structure in the inset of Fig. 1d , which weights both direct and indirect transitions equally. The JDOS agrees with the observation of two slopes from the optical data. Historically, optical measurements in the skutterudite system have been limited, showing an optical band gap for CoP 3 of 0.45 eV; no optical gap had been found for CoSb 3 or CoAs 3 (see the Supplementary Information, Section 3 for additional details) 35 . This was probably because the lowest photon energy that they had measured was 0.4 eV. Other optical measurements have focused on very low energies (<0.1 eV) to probe optical phonons 36 , just missing the frequency range important for interband transitions.
Linear or Kane bands do not increase Seebeck mass.
The unexpectedly high thermopower at high carrier density in Yb x Co 4 Sb 12 observed in the Pisarenko plot of Fig. 1a can also be represented as an increase in m * S , the Seebeck effective mass, as a function of carrier concentration, as shown in Fig. 2a . This apparent increase in effective mass with doping has previously been attributed to non-parabolic (Kane) bands 1, [22] [23] [24] [25] , rather than multi-band effects. A non-parabolic dispersion (shown in Fig. 2b ; equation (2)) can arise as a result of interaction between the valence and conduction bands, common in narrow gap semiconductors, which can be described using k · p perturbation theory 37 . Such bands are often described by a dispersion relation where the band is approximately parabolic near the band edge (at E = 0, with band-edge effective mass m * 0 ), but they become more linear as the electron energy, E, becomes large relative to the bandgap E g .
where k is the electron wavevector. For non-parabolic bands, effective mass is not well defined because there are different definitions for m * , based on different classical relationships. In nonparabolic transport theory, the commonly used energy-dependent effective mass derived from the electron momentum is:
This is a different definition than that found in most solid state physics textbooks, m * =h 42 , Faraday rotation 38, 39 , and combined galvano thermomagnetic measurements (Seebeck and Nernst coefficients) 43 . In general these measurements are analysed based on the dispersion relation equation (2) to derive the m * P (E) of equation (3) . However, we will show that such an increasing trend with energy should not be expected on the Seebeck Pisarenko plot, and instead a decrease in Seebeck mass m * S (E) is predicted in the case of a non-parabolic band with a dispersion given by equation (2) .
For thermoelectric materials we define the Seebeck mass m * S (E) as the DOS effective mass that would give the measured Seebeck coefficient with the measured n H using a SPB model 1 (that is, equation (1) in the degenerate limit). In CoSb 3 , this carrierconcentration-dependent DOS effective mass m * S (E) is observed to increase with n H in both n-type (Fig. 2a) and p-type materials; this increase is commonly attributed to band non-parabolicity using equations (2) and (3) (refs 1,22-25,42) . However, we must realize that these two distinct definitions of effective mass, m * S (E) and m * P (E), are qualitatively different. For example, the degenerate limit of the Seebeck coefficient with a Kane dispersion relation (the equation analogous to equation (1) using the Kane dispersion, equation (2)) can be expressed as 44 :
where an additional correction factor λ = Supplementary  Information, Section 3) . c, zT at 800 K versus carrier concentration n H measured at 300 K compared with that predicted with the model (solid black line). Coloured lines labelled CB and CB 2 represent the zT that could have been attained by the primary and secondary conduction bands respectively with the valence band (as detailed in the Methods and Supplementary  Information, Section 4 ). Ref. 32 shows the measured zT for comparison 32 . has been added to the equation for that of a parabolic band (equation (1)). Thus, m * S , as used in thermoelectric studies, does not necessarily increase with doping or Fermi level as the momentum mass does. In fact, when r = 0, as is commonly found in thermoelectric materials, the m * S mass in a Kane band should actually decrease according to:
which is derived by substituting the expression for λ into equation (4) and comparing the result with the SPB result (equation (1)). Additional details regarding this derivation are included in the Supplementary Information, Section 5. The effect of this relation can be seen in Fig. 2c , which shows a Seebeck coefficient that is lower for the Kane band (m * S (E) decreased). In other words, even though m * P (E) increases with energy in a Kane band, the Seebeck coefficient and m * S (E) should actually decrease relative to that of a parabolic band, as shown in Fig. 2c . This may be surprising because both m * P (E) and m * S (E) are described as a density of states effective mass and often implicitly expected to exhibit the same trends. Instead, equation (5) shows that the Kane band dispersion, and linear bands in general, do not increase m * S (E) or benefit thermoelectric performance relative to a parabolic band with the same band-edge effective mass. For CoSb 3 , equation (5) demonstrates that the increasing m * S in Fig. 2a is not evidence of Kane-type behaviour, but rather that multiple conduction bands are necessary to explain the properties of CoSb 3 .
Band convergence at high temperatures. We have shown that a second band is required to explain the room-temperature transport and optical properties. However, it is at high temperatures where the thermoelectric performance of CoSb 3 excels. At high temperatures, we show that these exceptional properties are probably the result of band convergence, as indicated by optical absorption edge measurements that show the two conduction bands approach each other, leading to convergence at T cvg ≈ 800 ± 100 K (with effective convergence, that is, E < 1k B T , for T > 500 K). This band convergence further increases the effective valley degeneracy to N v ≈ 12-15. The optical absorption measured from 20-450
• C clearly shows that the strong -CB 2 absorption decreases in onset energy with temperature (Fig. 3a) . The extrapolated absorption edges (Fig. 3b) indicate that the primary ( -, direct) transition does not shift much with temperature (and actually is overtaken by free carrier absorption at high temperatures), whereas the secondary band ( -CB 2 ) shows a clear temperature-dependent decrease in energy at a rate of ∼−2.0 × 10 −4 eV K −1 . As the two bands become closer in energy, both bands will contribute significantly to thermoelectric transport and improve the thermoelectric quality factor and zT in the same way that band convergence enables high zT in p-type PbTe (ref. 13) .
The high zT in Yb x Co 4 Sb 12 can now be shown to be a direct result of the high valley degeneracy inherent to CoSb 3 , which is further enhanced by band convergence at high temperatures. Figure 3c shows the carrier-concentration-dependent zT for a series of Yb-doped samples at 800 K along with the calculated results of a three-band model (two conduction bands and one valence band, with details given in the Methods and Supplementary Information, Section 4). From this plot, we can see the benefits that having a second conduction band allows, resulting in a significantly higher zT than the primary conduction band at can provide alone. If we consider both the primary (CB , N v = 3) and the secondary band (CB 2 , N v = 12) in the context of band engineering and the quality factor:
≈ 2.88 at 800 K), we determine that B CB 2 is about four times that of B (as indicated by the much larger maximum zT in Fig. 3 at 800 K). Because CB and CB 2 are very near converged at high temperatures ( E ≈ 0 for 800 K), the overall quality factor is enhanced by the presence of the second band, as both bands can be thought to conduct in parallel, thereby increasing the electrical conductivity without being detrimental to the Seebeck coefficient (in the limit of converged bands B total = B CB + B CB 2 (ref. 45) ). Thus both bands contribute to the high thermoelectric performance.
A unified picture explaining the extraordinary thermoelectric properties of skutterudites has emerged from a combined analysis of transport measurements, optical absorption, and theory on a series of Yb x Co 4 Sb 12 samples. The primary light conduction bands at have a reasonable thermoelectric quality factor, but they are significantly aided by a secondary conduction band, which has extremely high valley degeneracy N v = 12. At high temperatures these two bands converge, enabling the extraordinarily high zT > 1 that is observed in many CoSb 3 -based skutterudites with a variety of filling and doping elements. The contribution of band convergence to the performance at high temperatures suggests that band engineering methods 18 to converge the two conduction bands at lower temperatures would improve the low-temperature zT . The analysis of linear and Kane bands presented here suggests that non-parabolic band dispersions do not lead to an increase in thermopower (Seebeck coefficient) and are not beneficial to thermoelectric performance.
Methods
Methods and any associated references are available in the online version of the paper.
Sample synthesis. Samples with nominal compositions Yb x Co 4 Sb 12.012 (with x ranging from 0.0025 to 0.3) were synthesized. 0.1 at% excess of Sb was added to compensate for possible Sb evaporation. High-purity elements Co (99.95%, slug), Sb (99.9999%, shot) and Yb (99.9%, ingot) purchased from Alfa Aesar were used as raw materials. The samples were sealed in carbon-coated fused silica tubes under vacuum. The silica tubes were heated slowly up to 1,373 K in 12 h, held at this temperature for 12 h, and then quenched in water to room temperature. Samples were then annealed at 973 K for seven days. The resulting ingots were hand ground into fine powders and consolidated by rapid hot-pressing at 973 K for 1 h under a pressure of about 60 MPa, yielding fully dense bulk samples before thermoelectric property measurements.
Structure characterization. After hot-pressing, pellets were characterized by room-temperature powder X-ray diffraction (XRD), with data collected on a Panalytical X'Pert Pro diffractometer equipped with Cu Kα radiation to check phase purity and lattice parameters. Microstructures of the hot-pressed samples were checked with a Zeiss 1550VP field emission scanning electron microscope (SEM). Quantitative elemental analyses of the hot-pressed samples were performed with a JEOL JXA-8200 electron probe microanalysis (EPMA) using an accelerating voltage of 15 KeV and a current of 25 nA in a WDS mode and averaged over ten randomly selected locations in the skutterudite phase. Results from XRD, SEM and EPMA are shown in the Supplementary Information, Section 1.
Thermoelectric transport property measurements. Electrical transport properties, including electrical conductivity (σ ) and Seebeck coefficient (S) were measured using the ZEM-3 (ULVAC) apparatus under a helium atmosphere from 300 to 850 K. Thermal conductivity (κ) was calculated using κ = dD T C P , with the thermal diffusivity D T measured along the cross-plane direction by the laser flash method (Netzsch LFA 457) under argon flow with the Cowan model plus pulse correction. The density of the samples was measured using a geometrical method. The specific heat capacity C P was determined using the Dulong-Petit law C P = 3k B per atom throughout the temperature range 300 to 850 K. The in-plane Hall coefficient (R H ) was measured using the Van der Pauw method in a magnetic field up to 2 T. Hall carrier concentration (n H ) was then estimated to be equal to 1/R H e, where e is the elementary charge. The Hall carrier mobility (µ n ) was calculated according to the relation µ n = R H σ . The estimated measurement uncertainties are listed as follows: 5% for electrical resistivity, 7% for Seebeck coefficient, 5% for thermal diffusivity and 1% for density. The data precision (reproducibility) is smaller than the accuracy, leading to zT values within the range ±0.2. Temperature-dependent transport properties are plotted in the Supplementary Information, Section 2.
Band model. In this work, a three-band transport model was used to calculate the thermoelectric properties for CoSb 3 at T = 300 and 800 K.
The properties were calculated assuming acoustic phonon scattering for all bands, with the overall properties computed using conductivity-weighted averages. The appropriate Fermi integrals were computed numerically (Python) to determine the reduced Fermi-level-dependent Seebeck, mobility, Hall coefficient, and carrier concentration. The bandgap and conduction band offset were taken from optical measurements. Additional information regarding the fitting and specific parameters is presented in the Supplementary Information, Section 4.
Owing to the large bipolar effects at high temperatures, properties were plotted against room temperature n H from experiments. Model results were mapped to room temperature by solving the charge neutrality equation for the number of intrinsic defects at both temperatures (additional details in the Supplementary  Information, Section 4) .
Thermal conductivity κ was computed using a polynomial fit to give κ as a function of the room temperature carrier concentration (n H,300 K ). These values were used to estimate zT as a function of the measured room temperature carrier concentration using different band models.
Optical measurements. Diffuse reflectance infrared Fourier transform spectroscopy (DRIFTS) measurements were performed on a Nicolet 6700 FTIR Spectrometer fitted with a Harrick Praying Mantis Diffuse Reflectance attachment and a low-temperature stage (Harrick CHC). The spectral range of the instrument was from 0.05 eV-0.8 eV. The Kubelka-Munk function, F(R), was obtained from the measured diffuse reflectance (R), F(R) = (1 − R) 2 /2R, which is known to be proportional to the absorption coefficient (α) ratioed to the scattering coefficient (K ).
Bandgaps were estimated using different extrapolation techniques for direct (α 2 ) and indirect (α 1/2 ) transitions. First, regarding transition 1 (believed to be the direct gap, -transition), several extrapolation techniques were considered (hence the error bars in Fig. 3b) . The direct extrapolation yielded the largest gap of around 0.23 eV (orange circles, Fig. 3b ). Error bars for the direct gap were plotted indicating the actual onset of absorption (as determined through linear extrapolation to the minimum), which should give a good lower bound for the value of E g, -. With increasing temperature, the estimate for the direct gap did not change much (approximately constant at 0.22 eV), although the result was obscured by free carriers for T > 200 • C (as indicated by the dashed line above these temperatures, Fig. 3b ). For all temperatures with significant free carrier absorption, the free carrier absorption was fitted to a power law and subtracted from the Kubelka-Munk function to perform the absorption edge extrapolation fitting. Transition 2 was fitted after subtracting both the free carrier absorption and the direct extrapolation (transition 1) from the spectrum. This transition was fitted as an indirect gap using either the Tauc method, (αhω) 1/2 , or simply α 1/2 ∝ (hω − (E g ± E ph )) (both gave similar results for the gap). This method yielded two slopes which, according to theoretical analyses, indicate the onset of phonon absorption (−E ph ) and phonon emission (+E ph ) 46 . The bandgap was extracted as either half-way between the absorption and emission intersections or simply as the emission intersection (as indicated by the symbols and error bars respectively in Fig. 3b) .
The JDOS was computed numerically using the DOS (Fig. 1b, right side) as computed from DFT. The JDOS was estimated using JDOS(hω) = √ D VB (E VB )D CB (E CB )δ(E CB − E VB −hω)dE vB dE CB , where D VB,CB is the density of states of the conduction or valence band respectively and δ is the Dirac delta function (selecting only energies where the valence and conduction band energies are separated by the desired photon energy). More details about optical measurements are in the Supplementary Information, Section 3.
Ab initio DFT calculation and ultrafine evaluation of Fermi surfaces. The positions of the 16 atoms in the CoSb 3 unit cell (with conventional lattice parameter of 9.07 Å) are relaxed using norm-conserving pseudopotentials and the Perdew-Burke-Ernzerhof (PBE; ref. 47 ) density functional, as implemented in the ab initio package Quantum Espresso 48 . The plane-wave basis set is defined by an energy cutoff of 270 Ry. Although PBE is generally known for the systematic underestimation of the bandgap of semiconductors, it can usually predict the correct topology of the bands, which is desired in this study; for such cases, the PBE electronic structure can simply be corrected by an energy shift of the unoccupied manifold via the scissor operator (details in Supplementary Information, Section 6). Previous literature also suggests that the specific bandgap value is extremely sensitive to the Sb positions and lattice parameter 20 , and that the exact functional is less important. The obtained theoretical bandgap using PBE density functional agrees well with the experimental optical bandgap in this study (more details in the Supplementary Information, Section 6).
A 9 × 9 × 9 Monkhorst-Pack sampling of the reciprocal space is sufficient to converge the DFT wavefunctions. However, ultrafine k-meshes are needed to obtain smooth isosurfaces (180 × 180 × 180 k-points in the reciprocal unit cell) and resolve the low-energy features of the DOS (100 × 100 × 100, with a low smearing energy of 0.02 eV). Highly accurate real-space tight-binding Hamiltonian matrices are built by projecting the DFT Bloch states onto a 'small' set of atomic orbitals (4p, 3d, 4s for Co; and 5p, 5s for Sb) while filtering out states of low projectability 49 . Reciprocal-and real-space Hamiltonian matrices are obtained by Fourier transformation and then diagonalized at each point of the ultrafine mesh to obtain the eigenenergies. The resulting tight-binding and the actual DFT values are numerically equivalent for all practical purposes. We used the parallel implementation of the method available in the WanT code by A. Ferretti, B. Bonferroni, A. Calzolari and M. B. Nardelli, (http://www.wannier-transport.org). XCrySDen (ref. 50 ) is used for visualizing the isosurfaces.
